A compressed stiff film on a soft substrate may exhibit wrinkles and, under increased compressive strain, post-buckling instabilities as well. We numerically analyze wrinkling behaviors of graphene attached on a polydimethylsiloxane (PDMS) substrate under lateral compression. The finite element method is used to simulate the equilibrium shape of the wrinkles as a function of compressive strain. Two-dimensional stretching and bending properties of graphene are obtained by density functional theory analysis, which are then converted to equivalent elastic properties of a continuum film with finite effective thickness. The PDMS is described using an Ogden or a neo-Hookean material model.
Introduction
Wrinkles on material surfaces have generated considerable research interest these days. They are common in nature as exemplified by skin wrinkles and geological folds [1, 2] . Wrinkles are also formed when a stiff film on a compliant substrate is compressed laterally [3] [4] [5] [6] . They have been used to fabricate 5 stretchable electronics [7] .
When the wrinkles are further compressed, post-buckling instability may occur and complex patterns can arise. Suppose sinusoidal wrinkles originally exist on a stiff film. For an increased compression, another mode of the sinusoidal wrinkle whose wavelength is twice the initial value couples to the original 10 one. Such spatial period doubling has been found in experiment and attributed to the quadratic and cubic nonlinear elasticity of the film and the substrate [8] [9] [10] [11] [12] [13] . Further compression leads to a period-quadrupling bifurcation [8, 14] .
These phenomena suggest that continued increase in compression may lead to repeated bifurcations and such sequential period-doubling bifurcations in some 15 systems show a transition to chaos [15] [16] [17] . In the present work, we choose graphene on a polydimethylsiloxane (PDMS) substrate as a model system [18] [19] [20] . Sequential period-doubling bifurcations up to octupling will be shown to occur in the Ogden model. We will further demonstrate that the wrinkles will be folded, namely, two side walls of a valley will touch each other, the bifurcation 20 will stop, and the system will not proceed to chaos.
Methods
Now, the behavior of wrinkles on a single-layer graphene attached on a PDMS substrate was studied numerically using the finite element method (FEM).
Such a numerical approach was unavoidable because the governing equations of 25 the finite deformation are nonlinear partial differential equations which do not allow for analytic solutions. Our calculation was based on the method of Sun et al. [11, 12] . One-dimensional wrinkles were considered, and the plane strain approximation was used. To perform the FEM calculations, some physical param-eters of the system were required. We carried out ab initio electronic structure calculations based on the density functional theory (DFT) with the PerdewBurke-Ernzerhof (PBE) exchange-correlation functional [21] using the Vienna ab initio simulation package (vasp) [22] . We employed the projector-augmented wave (PAW) pseudopotential [23] . From these calculations, we obtained bending modulus D = 1.5 eV and in-plane 2-dimensional modulus E 2D = 2000 eV/nm 2 .
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Graphene's Poisson's ratio, ν = 0.15, was chosen from the literature [24] . In order to apply these pieces of information to the well-established formalism of the wrinkle formation, [12] we needed to convert D and E 2D into the 3-dimensional E and the "effective" thickness of the film, h. From the relation E 2D = Eh and [25] the second order incompressible strain energy potential was defined as
where λ i 's are the principal stretches, and µ i 's and α i 's are material constants related to the strain energy. The principal stretches λ i 's are defined as the eigenvalues of The FEM calculation was done using the abaqus 6.12 standard code [27] .
The film was described by quadratic beam elements with the hybrid formulation 60 (B22H) and the substrate by the hybrid quadrilateral elements (CPE8RH) [11, 12] . To break the translational symmetry of the system and trigger wrinkling, a small sinusoidal displacement with an anticipated wavelength on the film was introduced. The amplitude of the sinusoidal displacement was as small as 0.05h. The anticipated wavelength of the wrinkle was obtained from the
where λ, the principal stretch in the direction of compression, was close to 1 in practice, and Q was the shear modulus in the small strain limit (= 0.791 MPa for PDMS [26] ). To induce bifurcations, a numerical technique of introducing an artificial damping factor for computational stabilization was used. The artificial damping was applied to enhance convergence at bifurcations. The undesired artifact of the damping was minimized by optimizing it to the smallest possible value so that it reproduced the experimentally observed and previously calculated period doubling and quadrupling [8, 11, 14] . We imposed additional boundary conditions in which tangent lines of the film on each end were kept 75 horizontal (cantilever beam conditions). The horizontal length and depth of the substrate were 24 and 5 times of the wavelength of the wrinkle mode, respectively. We checked and confirmed that the length and depth of the substrate were sufficient to prevent artificial interactions between top and bottom parts of the system. 
Results and Discussion
Development of the wrinkled surface morphology of monolayer graphene on PDMS is shown as a function of the compressive strain in Fig. 2 . The contour plots display the maximum in-plane principal logarithmic strain, which is defined as the largest eigenvalue of the logarithmic strain tensor E l . This
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tensor is a measure of finite deformation which is defined as E l = ln
The wrinkle generally starts at a particular finite strain value. However, the critical strain for the onset of wrinkle formation is so tiny [12] (4.9 × 10 −5 ) that it is not noticeable in the figure. Initially, the wavelength of the wrinkle in When the compressive strain exceeds 0.16, a bifurcation (known as pitchfork bifurcation) sets in with a period doubling as described in Fig. 2(a2) . The critical for the onset of the period doubling agrees reasonably with previous results ( = 0.185) found in the literature [10, 11] . A further compression 95 induces a period quadrupling (a3) with its shape also in good agreement with previous results [8, 14] . A larger strain induces the period octupling. At a slightly greater , the folding finally occurs. Here, the term "fold" is defined as a wrinkle developed so deeply that two side walls of the sink touch each other.
The fold exhibits a concave valley whose depth in the vertical direction increases 100 with compression. The maximum of the local strain E 11 (= ∂u 1 /∂X 1 , where
of graphene is estimated to be 0.031 at the bottom of the valley, which is still much less than the measured intrinsic fracture strain of graphene (0.25) [28] . This value is also smaller than the failure strain (0.087) of a defected carbon nanotube reported in the literature [29] . Therefore, the folded graphene 105 is unlikely to be broken under the nominal compressive strain as large as 0.34.
Another instructive way of examining the repeated bifurcations is presented in Fig. 2(b) . Here, the development of the surface height (y-coordinate) varia- Fig. 3) , similar to the Ogden model. However, as the strain increased, a particular valley of the wrinkle structure was deepened (the green dash-dot arrow) and neighboring valleys were flattened (the blue solid and black dashed arrows) [30, 31] . This is Fig. 2(a5) ). At this large strain, the neo-Hookean model stiffens less than the Ogden model does as shown in Fig. 1 . In the neo-Hookean model,
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the bifurcations proceed to quadrupling followed by folding and subsequent localization of the fold, without octupling.
Conclusions
In summary, we have demonstrated numerically that consecutive perioddoubling bifurcations take place in the wrinkles of graphene (a stiff film) at-165 tached on the PDMS (a soft substrate). It is shown that the bifurcations arise because they reduce the energy of the film more at the expense of a smaller increase in the substrate energy. Eventually, folding of the wrinkles occurs, and thus bifurcation stops. We expect that the result obtained here regarding the folding of the wrinkled film can be applied to the fabrication of nano channels
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and externally controlling the conformation of such channels by changing the strain.
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